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Motivation

Maximal SYM
| Oﬂgcoxo
D=4 N=4 ¢ Partial or total cancellation of UV divergences . o7 o
D=6 N=2 (all bubble and triangle diagrams cancel) moﬂd,wg?)@c“
¢ First UV divergent diagrams at D=4+6/L " «° ¥ e
D=8 N=1 ¢ Conformal or dual conformal symmetry ot .\,\on“‘“
D=10 N=1 ¢ Common structure of the integrands s’

Object: Helicity Amplitudes on mass shell
with arbitrary number of legs and loops (S-matrix)

The case: Planar limit N, — oo, ¢3-,;, — 0 and g3, N, - fixed

The aim: to get all loop (exact) resulit




UV & IR Divergences

_ _ - No UV divergences in all loops
D=4 N=4 . IR & Collinear Divs on shell
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IR & Collinear Divs in dimensional regularization Cusp anom dim
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UV & IR Divergences

D=6 N=2 - No IR & Collinear divergences in all loops
B - - UV Divs starting from L=6/(D-4)=3 loops

N=(1,1)

D=8 N=1 - No IR & Collinear divergences in all loops
- UV Divs starting from L=[6/(D-4)]=1 loops

D=10 N=1 - No IR & Collinear divergences in all loops
- - - UV Divs starting from L=6/(D-4)=1 loops

Compactification on a torus of higher dim maximal SYM theories
gives lower dimensional maximal SYM theories



Colour decomposition

Colour ordered amplitude

AGon(pit pyr) = Y Trlo(T* . T)] A (o(py .. pp™)) + O(1/Ne)

O'ESn/Zn \

Planar Limit Ne — 00, gypy — 0 and gy, N, - fixed This is what we calculate

Four-point amplitude

AsDPhYS. 123 4) = TIAD 1 23 4HMDst) + T2A:O0 (1 2 4 3MD(s.0) + T3ALO (1 42 3MD(t ).

T! = Tr(TalTa2T33T84) TY(TRITA4TA3TA2)
T2 = Tr(TalTA2TA4Ta3) L Tr( Tl TA3TR4TAZ),
T3 = Tr(Ta 1 Ta4Ta2Ta3)+Tr(Ta 1Ta3 TaZTa4)

Tree level amplitude usually has a simple universal form proportional to the
delta function (conservation of momenta), in SUSY case - conservation of
supercharge in on shell momentum superspace



Perturbation Expansion for the
Amplitudes for any D
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Universal expansion for any D in maximal SYM due to Dual conformal invarianc6e



D=6 N=2 Perturbation Expansion for the Amplitudes

Exact calculation

N\ p? =0, m=0
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Regge Limit s — oo, t <0, fived
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Perturbation Expansion for the Amplitudes
D=6 Example

Leading Logarithms UV finite
Regge Limit s — oo, t <0, fived
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Perturbation Expansion for the Amplitudes

Leading Divergences The master integrals with leading divergences up to four loops

D=6 N=2

D=8 N=1 )
D=10 N=1
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The diagrams with the
substitution s<->t are not
shown

Everything was checked also numerically!



Leading Divergences from Generalized
«Renormalization Group»

* |n renormalizable theories the leading divergences can be found
from the 1-loop term due to the renormalization group, in particular,
for a single coupling theory the coefficient of 1/c" in nloops in

given by &,,(ln) _ (agl))n

* In non-renormalizable theories the leading divergences can be also
found from 1-loop due to locality and R-operation
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Leading pole Coeff of 1 loop graph
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R operation and Leading Divergences D=6 example
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The leading Divergences from 1 to 4 loops

D =10
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The leading Divergences from 5 loops
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Numerical evaluation of Integrals

D=6 N=2

(W)DL/Z
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Dual graph
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/ Numerator
graph | term numerical exact graph | term numerical exact
W] 5040 0 0 I 8 | —209.997(5) | —210
st | -6.6661(10) | -20/3
Y] 8210 | 0.0416652(17) | 1/24 Y| st | 0.888900(24) 8/9
s2t2 | -0.1111105(7) | -1/9
st | -20.4765(8) | -430/21
I | 20 | 0.0208328(7) | 1/48 19| s | 0.444420(25) | 4/9
s2t2 | -0.0555541(10) | -1/18

Comparison with analytical evaluation

Oé11:O
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Perturbation Expansion for the Amplitudes

D=6 N=2

Leading Divergences

Result up to 5 loops

2 2 3 2 .2 2 42 3

"9 21663
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Leading powers of s >0
g°s Pole!
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1— U9 General case will be given below
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Perturbation Expansion for the Amplitudes

D=8 N=1 Leading Divergences Result up to 4 loops
1 2 4 ¢2 4158 — 53t + s%t% — st + 15¢4
LP. = —st|?o 4gts TU o208 2SS 2T
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D=10 N=1 Leading Divergences Result up to 4 loops
B oS +1 4 85% + 253t + 25t + 8t
LB = st g 51712
L 2(209557 + 11555¢ + 33552 — 1153 — 1153t* 4 335%t° + 115st% 4 2095¢7)
J 5171714563
L 32(211218880s1° + 7534905 — 13950965°2 + 1125763513 — 916916s°¢*
g 131717151564
+8436305°t° — 916916s5%° + 112576353t — 139509652t° + 7534905t + 211218880t17)
1317!7!5!15¢4

Doesn’t look like Geom progression anymore,
however, coefficients grow slowly
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R-operation and Recurrence Relation

D=6 N=2 Horizontal boxes + tennis court
/TN s ey
An An—l
2
nAn = —Ana = A= (-1)" 5 (—g*s)"

Horizontal boxes + double tennis court

1 < . 1
nqu, — _gAfl—].’ l nAn — _An—l + gAfz—l
¢ (=)™ 1 s 1(=np*1 1 1
An = 3n=3 pl’ An = 2 3n=3 nl 2( 1 n!
(—g%s)" 1 (—g%t) (—g°s)"

- Similar relations one can get for all other series
 All of them have 1/n! behavior

* Number of these series group as n! 17



All loop Exact Recurrence Relation

Some dual conformal integrals are generated by so called “Rung rule”

h

-

—> i (l+1)*x

h

Not all dual conformal integrals are generated in this way, but

integrals with maximal humber of divergent subgraphs dose!

This allows one
to write recursion relations
for leading UV divergences!

2-loop -> 3-loop example
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All loop Exact Recurrence Relation
D=6 N=2
s-channelterm S (s,¢) t-channel term Th(s,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

1 T
nS, (5.1) = —2s / da / dy (Sp_1(5,") + Tu_1(s,t'))
0 0
S

3 = —8/3, T3 = —t/g

Summation Sk(s,t,2) = Y (—2)"Sn(s,1)
n=k
: d
Diff eqn d—24(8 t,2) = 23/ dx/ dy (Xs(s,t',2) + X3(t', s, 2)) |t/ =attyu
2
Ya(s,t,z) = Xs(s,t,z) + Ss(s,t)z° (s, t,2) = 2 %85(s, t, 2)
d

2
Ly(s,t,2) = 5= 20(s,1,2) + 25 / iz / dy (S(s,t',2) + S(t',5,2)) sty
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All loop Exact Recurrence Relation

D=8 N=1

s-channel term

S,(s,t) tchannelterm T(s,?) T, (s,t) = Su(t,s)

Exact relation for ALL diagrams

1 T
nSy(s,t) = _252/ dx/ dy y(1 —x) (Sn_l(s,t/) + Tn—l(sat/))lt’zteryu
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All loop Exact Recurrence Relation

D=10 N=1
s-channel term  S,,(S,t) t-channel term T, (s,1) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

1 T
nSn(s,t) = _53/ dx/ dy 92(1 — x)Z (Sn—1(s, ") + Tn—l(Sat/))‘t’zteryu
n—2 3k—2 AP
3
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k=1 p=0
S t dp / / p
51 = ik T = 5l X At'P (Sn—l—k(87 t ) T Tn—l—k(sat ))|t’=—sa: (tSQ?(]. — QZ’))
summation MNs(s,t,2) = X1(s,t,2) — Sa(s,t)2° + S1(s, 1)z, Ba(s,t,2) = X1(s,t,2) + Si(s, 1)z
Diff egn
diz(s t, Z 5! i / dx/ dy y 1 - CE Z(S,t/,Z) + Z<t/7 S,Z))’t’:ta:—l—yu
z
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R-operation and Recurrence Relation

D=6 N=2 Horizontal boxes + tennis court
/TN s ey
An An—l
2
nAn = —Ana = A= (-1)" 5 (—g*s)"

Horizontal boxes + double tennis court

1 < . 1
nqu, — _gAfl—].’ l nAn — _An—l + gAfz—l
¢ (=)™ 1 s 1(=np*1 1 1
An = 3n=3 pl’ An = 2 3n=3 nl 2( 1 n!
(—g%s)" 1 (—g%t) (—g°s)"

- Similar relations one can get for all other series
 All of them have 1/n! behavior

* Number of these series group as n! -



R-operation and Recurrence Relation

D=8 N=1 Horizontal boxes
R D | R4
n-2 " """""""""""""""
+ § O *
Z; T T Summation
—— ——
2 2 n—2 k n-1-k o
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S = Y VIRV
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v = g°s° /e
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R-operation and Recurrence Relation

D=10 N=1 Horizontal boxes
R' - D L] - TG
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> o +
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The Fixed Point and Finiteness

D=6 N=2

Diff egn for the sum of two channels

Z

(X(s,t,2) +2(t,s,2) =(s+1) — g[Z(s,t, z) + X(t, s, 2)]

+2s /
0

dx/ dy [X(s,t',2) + 2(t', s, 2)] |t/ =at-tyu
0

1 x
+2t/ dx / dy [2(8/7 ta Z) + Z(ta 8/7 Z)] ‘S’ZZIJS—I—ZUU
0 0

The fixed point
e — 0

Stable for s+t=-u<0

Y (s,t,00) + X(t, s,00) =

—1

/

Finiteness: S-t channel s+t<0

s-u channel s+u<0

t-u channel t+u<0

~

Finite value

Unstable for s+t=-u>0

incompatible since s+t+u=0



Summary

D=6 N=2 D=8 N=1 D=10 N=1
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Some Speculations
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D=6 N=2

)
L J
)

D=8 N=1

Some Speculations

IE(S,t, 00) + X(t, 5,00) = —1‘

D=10 N=1
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