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Higher Derivatives in HS interactions

HS interactions contain higher derivatives

Nonanaliticity in A via dimensionless combination /\_%8%j

By a seemingly local field redefinition (Prokushkin, MV 1998) inducec
by the integrating flow it is possible to get rid of currents from HS fielc
equations including the stress tensor in the spin-two sector: the field
transformation induced by the integrating flow is nonlocal having the

form

¢ — ¢ =0¢+> anm(pD)"¢ (pD)"P+ ...,

p is the AdS radius, D is the space-time covariant derivative.

The problem: find restrictions on apnm distinguishing between truly non-
local and generalized local field redefinitions containing an infinite num-

ber of terms but a,,, decrease fast enough with n» and m.

The problems in AdS; and Minkowski space are essentially different



Greens function example

Consider a massive field equation
(O+m?)¢ =0
The Green function
G=(0O+m?>)"1
can be represented in the pseudolocal form
oo D n
=2
G=m23 (-2)
n=0
Green function is non-local: not decreasing expansion coefficients imply

nonlocality.

m?2 is a counterpart of A for massless particles in AdS



The idea: to look for a class of field redefinitions which
e are closed under successive application: form an algebra
e rule out obviously nonlocal field redefinitions like integration flow

In the unfolded form of HS theories the space-time dependence is
encoded in twistor-like variables Z4 and Y4. The problem is to find
restrictions on the coefficients b,,,,;; In

ovsmet 5 o) (")) (2)') + -

nmkl



Nonlinear HS equations

W(Z, Y kklz) =(d+ W)+ S, W = da"Wy,, S =0%Sq+ 095,
W W = (0404 + n0“0aB x k x k + 70°0,B x k k)

WxB=B*xW, B=B(Z,Y;k,k|x)

HS star product

1
() (ZY) = 5 g

This is the normal-ordered product with respect to Y + 7

/d4U d*V exp iUV f(Z+ U Y +U)g(Z - V:Y + V)



Klein operators and supertrace

Klein operator

kK = expizay”, kxk =1

kx f(zy) = f(=2,—y) * kK

Supertrace

1
(27)2

str(fxg) = str(g f)

str(f(z,y)) = /dzu d2v exp [—iuavP] f(u, v)

Klein operators have well-defined star product but divergent supertrace

str(k) ~ §%(0)



Perturbative analysis

T he standard vacuum solution is B = 0 and

Wo =dz +Q+ Wo(Y|z), Q =02,
The space-time one-form W,(Y|x) solves the flatness equation
daWo(Yz) + Wo(Y|z) x Wo(Y[z) = 0.

The star-commmutator with @ yields de Rham derivative in z4

0

Q*f(Z;Y) - (-1)® 9 f(Z, V)% Q = —2idzf(Z;Y), dz = HA@Z—A

Standard homotopy formula:
dzg(07,2,Y) = f(07,2,Y) == g(07,Z,Y)=0,f+dze+g(0,0;Y),

1
8% f = dLH(S), H(f) = /O drr 1 f(r0,:772.Y), ay = z4 %

dze: exact forms

g(0;0;Y): de Rham cohomology



Via homotopy formula Klein operators generate perturbative solution

1
F(Z:Y) :/O dro(Z: Y 7) expirZaY A,

oo
o(ZY;m)= 3 @Ay A, BBy (T)ZA . ZAy By Bm

n,m=0
with the coefficients v4, . 4, B,...B,(7) integrable in 7. Distributions in
T are allowed. Behavior of ¢4, 4, B, . B,(7) determine properties of
f(Z;Y) with respect to twistorial variables Z,Y and, by virtue of the

unfolded equations, in space-time coordinates «z.
(fixf2)(Z,Y) = /d71,2901,2(Z; Y;T12)expity oZ, Y4,

1
©1 Q(Z; Y; T 2) = /dTldTQdeT5(Tl 2>—T1 < 7‘2) exp iSATA
) ) (27T)M )

e1((L—m)Z —1Y +S; (1 —m)Y —mmZ+S;11)
(L —7m)Z4+7Y —-T,;mZ+ (1 —-1)Y +T;m),

aob=a+b—2ab=a(l —->b)+b(1l—a)

IS commutative a¢ob =boa and associative product in R or C



Key observation

The idea is to specify appropriate classes of functions ¢o(Z;Y; 7).

The key observation is that the space 1 g of functions of the form

1 | A
F(Z:Y) =/O dré(rZ; (1 — 7)Y 1) expirZ Y

with ¢o(W; U; 1) regular in W and U and integrable in 7 is closed under the
HS star product. Being accompanied by the factor of - and 1 — 7 the
dependence on Z and Y trivializes at - -0 and » — 1,

Such behavior is appropriate for the perturbative analysis of HS theorvy.

Coefficients of Z"Y™ will contain the decreasing factor

nlm!

(n4+m-+4+1)!

/01 At (1 — £)™ = B(n, m) =



Proof

For f1,2 c V0,0

801,2(W; U;leg) = ( ﬂ-)M /deTexp ’LSATA/ dTld7'25(7'1 2—T1 <>7'2)
¢1(71[(L =)W — U + S| (L — 71)[(1 — m)U — oW + S]; 1)
Po(mo[(L =)W + 71U —=T], (1 — ) [1iW + (1 — 1)U + T7]; m2)

Elementary relations
T1o0m =(1—-71)70+ (1 — )71,

1 — T1 0T = (1 —7'1)(1 —7’2) —|—7'17'2

Imply the square decomposition inequalities
(1—71)m70 = a(r, ™)1 072, (1 —m)m = B(11,m0)7T1 0 T2,
(1-—7)(1—1) =~(11,m2)(1 —T110m2), 7170 = p(711,7)(1 — 71 0 72)

a(7_177-2)7 5(7_177_2)7 7(7_177-2)7 p(TlaTQ) S [07 1] .

Hence f1,fo € Voo: fixfo € Voo



Spaces V

Vi1 1s the space of such star-product elements that
d(W;U;7) =71 —n)l¢/(W; U; 7)

A (poly)logarithmic dependence on  and 1 — 7 does not affect £ and |

The spaces V. ; have the fundamental composition property

Vit * Via,lo C© Vimin(ky lo)+min(ka,ly)+1, min(ky ko) +min(ly,lo)+1
This follows from square decomposition inequalities along with the fact

that the integral

/01 dTl /01 d’7'25(7' —T1 <>7‘2) = — Iog((l . 27_)2>

behaves as ratr—0and 1 —-7atr—1



Spaces Vi,

For 0-dependent differential forms f(0z;,2,Y) € Vi 1, if f(07,Z2,Y) is &
p-form with coefficients in V ;.

Q € V—Q, 00,1

because both §(7) and 7~ 1 in Q = [3 dré(7)7~1(r64Z4) bring negative con-

tribution to the first index of V_5 ;1. Since [Q,.. ]« ~dy =642,

Qs Vi1 plx C Vid11-1p+1-
For -closed f €V}, a solution to dzg=f Is

l1d
8(314/ S/ drop(s0y;,s7Z; (1 —1)Y; 1) exp ’LSTZAYA

An elementary analysis shows

05 f(04.2,Y) = z4

k
OzViip C Vinin(p—1.k)—1, 141 ,p—1



Field algebra

HS field algebra H appropriate for perturbative analysis of HS equations:

Hi=@ploHp,  Hp'=Vp1m p-1p-

Using that any p-form in 6, with p > M is zero it follows

Hp* Hq C Hptq =  H+HCH

[Q ) Hp]* C Hp—|—1 ’ 8}7‘[1} C Hp_]_ y 5}7—[0 =0

Although H is invariant under the action of the homotopy operator 8;
and derivative dz, Q € V_oy; 1 ¢ H Q induces outer derivation of H. The

HS connection Y should be written in the form

W=d,+Q+W, W eH.

Theorem : Since 0%, xx € H, 0%0, xk € H W' and B resulting from the

perturbative solution of the HS equations belong to H



Local HS algebra

loc _ ~M loc loc
H™ = @pZO%p , Hp C Vp—l,M—p—l—I—e,pa Ve > 0

The difference between #!°¢c and A is dominated by any rational behaviol

inl-—r.
loc loc loc
Hp *Hq C Hp—I—q
Theorem : H'¢ is an algebra invariant under the action of the homotopy

operator 97, and d.
It follows that the supertrace of elements of H, diverges as

str(Hp) ~ /01 dr(1 —7)~17P. ...

Theorem : Elements of H%)OC have well-defined supertrace.



Locality conjecture

A field redefinition ¢ — ¢ = (o)

f(@)=f+ > (g1*d*go+hixpxhoxpxhz+...),

g,h,...
of ¢ = W, B ¢ H where summation is over various f,g,h,.... f(¢) is loca

if f,g,h,...€ H!° minimally nonlocal if f,g,h,... € H and strongly nonlocal
otherwise. Since (H)?—UOC IS an algebra, the composition of any two local

transformations is local.

Conjecture I: /local transformations provide a proper generalization of the
local transformations in Minkowski space.

The integrating flow of Prokushkin, MV (1998) is nonlocal
Conjecture II: gauge transformations with parameters in ‘4 are allowed.

Those beyond H are not: specification of allowed gauge transformation
IS important for application of quasi gauge transformations that ‘‘gauge

away’ the space-time dependence: the final answer should belong to H.



HS star product versus Weyl

Formal map to the Weyl star product

fw(Z,Y) —( 7T)M/deTexp—zSAT fus(Z4+ S, Y + 1),

Being equivalent for polynomials, different star products may be inequiv-

alent beyond this class.

Weyl-Moyal star product

1
U > ow)(ZiY) = 5 Soyg [ AUV exp [i(~U1 4V + UpaV5h)
fw(Z+ U Y +U)gw(Z + V1, Y + V)

The map is singular at Z £#0

NG
-

fw(Z;Y) = / dr(1—7)" M/deT exp [— ZSATA+Z

)

(2 7T)M

(/5(7'3




Conclusion

Classes of star-product functions are identified distinguishing between

local and nonlocal field redefinitions in HS theory

The r.h.s.s of HS field equations are in the De Rham cohomology with

respect to the local class



