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Classical conformal blocks as geodesic lengths

Fitzpatrick, Kaplan, Walters' 2014
Asplund, Bernamoti, Galli, Hartman' 2014
Hijano, Kraus, Snively’ 2015

@ AGT combinatorial realization (instead of Zamolodchikov's recursion)

Alday, Gaiotto, Tachikawa' 2010
Alba, Fateev, Litvinov, Tarnopolsky' 2010

@ The general consideration of geodesic motions in the bulk

@ Five-point configurations: explicit results

Conclusions and outlooks
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n-point classical conformal block

In any CFT; a correlation function of Va,(z;) can be decomposed into conformal blocks

F(21y 00y 20| A1y ooy By Aty ooy B35 €)

which are conveniently depicted as

Pant decomposition
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There exist many evidences that in the semiclassical limit ¢ — oo the conformal blocks
must exponentiate as

cimoo F(z1y ey 2n|A1, ...y Ap; Ar, . A _s; c) ~ exp {cf(zl, ey Znl€1, ..y €ni €1, .o, €,,,3)}

A - A . . . “ - .
where ¢, = =% and & = =X are called classical dimensions and f(z|e, €) is the classical
conformal block representing our main interest.
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Heavy-light conformal blocks

Different classical limits of the conformal blocks depend on the behavior of the classical
dimensions ¢; and €;.
@ If €, € remain finite in the semiclassical limit, the corresponding field is called heavy.
@ |If ¢, € are vanishing in the semiclassical limit, the corresponding field is called light.
@ All fields are light — global s/(2) conformal block.
@ All fields are heavy — proper classical block.
o

Heavy-light classical blocks can be considered as an interpolation between these
two extreme regimes.

Heavy—light blocks (Fitzpatrick, Kaplan, Walters' 2014)

The classical conformal dimensions of two fields €,_1 = €, are heavy.

It is instructive to introduce a scale factor § that we call a lightness parameter.
Schematically, provided that all except two dimensions are rescaled as € — de and € — §€
there appear a series expansion

f(zle, &) = f5(z|e, &) & + 2 (z]e,€) 62 + ...
The leading contribution f5(z) yields the heavy-light conformal block, while taking into

account sub-leading contributions approximate the proper conformal block on the left
hand side.

Konstantin Alkalaev Classical conformal blocks via AdS/CFT correspondence



The AdS/CFT correspondence

The heavy operators with equal conformal dimensions ¢, = €,_1 = €, produce an

asymptotically AdS3 geometry identified either with an angular deficit or BTZ black hole
geometry parameterized by

a=+/1—4¢ [

The metric reads

2
(6%
ds® =

1
( — dt? 4 sin? pd? + —dpz)
cos? p a?
Here

@ o2 < 0 for an angular deficit
@ a2 > 0 for the BTZ black hole

w, e

The light fields are realized via particular graph of worldlines of n — 3 classical point
probes propagating in the background geometry formed by the two boundary heavy fields.
Points w; are boundary attachments of the light operators. The lightness parameter §
measures a backreaction of the background on a probe.

The identification

n—2 n—3
Sg = 27f5(2le,€) Shk=>"eLi+> &L;,
i=1 i=1

and L; and L; are lengths of different geodesic segments on a fixed time slice.
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AGT representation

Using SL(2) invariance we fix three points z; = 0, z,—1 = 1, z, = 0o, and replace
Ziy1 = qiQit1---Gn—3 for 1<i<n-3

The conformal block is given by the following series expansion

FlalaA)=1+ > aftg®... a3 Fi(B, A <)
iy kn_3

Using the standard Liouville parametrization,

@ <@ o , 1
A':T_P” AJZT_PJ’ c=14+6Q°, Q:b—i—E,
the AGT representation of the n-point conformal block is given as
n—3n-3 9 0
Fala, A o) =TI T - ... a)*Fr=DP2tD) z(g1a, A, o),
r=1 s=r

where

X k
2B =1+ Y qla... a3 Zhsy (DA, 0)
Ky ky_s
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The diagrammatic coefficients

The Nekrasov functions

=z -3 Z(P|Py, @; P, M) Z(Ps|Py, X1 Pa, X2) -+ - Z(Po—1|Pn—3, Xn—3; P, @)
Kiyookp_3 = = = = ~ =
L S Z(Q1Py, X1s Py X) - Z(S1Poos, Xn3i Paos, Xn_3)

Here, the sum goes over (n — 3) pairs of Young tableaux Xj = ()\J(.l), )\J(.Q)) with the total
number of cells |Xj| = |)\J(.1)| + |/\/(‘2)| = k;j. The explicit form of functions Z reads

Z(P"|P',[i; P,X) =

2
1T I1 (P” — Exp (1Y P = (=1)'P|s) + g) X
ij=1 seX;
< I1 (P + By (0P = (Y P) - 2)

tE 1

where

Exnp(x|s) = x = blu(s) + b7 (ax(s) + 1)
For a cell s = (m, n) such that m and n label a respective row and a column, the
arm-length function ay(s) = (A\)m — n and the leg-length function /5 (s) = (A\)] — m,
where (\)p is the length of m-th row of the Young tableau ), and (\)] the height of the
n-th column, where T stands for a matrix transposition.
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The five-point classical conformal block

Q Q _Q Q _Q Q
]:(q17q2):(1_q1)2(Pz—2)(P3+2)(1_q1q2)2(/’2 2)(P4+2)(1_q2)2(P3 2)(P4+2)Z(q1,q2),

where .
Z(qu@) =14 Y 4" 6 2y ko
ki, ko
and
|X1,21=ki,2 ~ o JO I,
Z(Pa|Py, @; P1, A1) Z(P3|Py1, A1; P2, X2) Z(Pa| P2, X2; Ps, @)
Zhy ok = Z )

5% Z(|Py, X1; P, X1)Z(S|Pa, Xoi Po, Xo)

where on the lower levels the pairs of Young tableaux X = (M, A with the total
number of cells / = |X| are

I=0: {(@76)}
I=1: {(gvl:l)v(ljvz)}
1=2: {(e.[0) (. P (@, 0. (3. 2). (H 21

=3 (e e [ e ) o m.a B
(a=NaiN(aNa (= a=RON(S SRON = EOIR

In what follows 5-pt conformal blocks are with dimensions Py = Ps, Py = P, P; = P;.
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We find

Z(q1, qa|t) = 1+ (1 + b2 — 2bP3)(1 + b2 + 2bP3)(q1 + q2)(8b%) 1t + O(t?) ,

where t™ terms take into account contributions g g5 with m = my + my.
The limit ¢ — 0 can be equivalently understood as b — 0. The classical conformal block
_ fla1,9)

F(qi,q2) =e 12 or f(q1,92) = — lim b?In F(q1, q2)
b—0

Fields with Ps = Ps are heavy. Recall that the lightness parameter expansion is given

(a1, 92) = f5(q1, q2)8 + 2 (g1, g2)8° + ...

Now, €3 (or P3) is the new deformation parameter
fi(ar, @) = £ (a1, @) + 567 (a1, @) + G647 (a1, @2) + .

Here, the leading term fé(o)(ql, q2) is identified with the 4-pt classical conformal block,
while the sub-leading terms perturbatively reconstruct the 5-pt classical conformal block

2Sinh[a|n[12—<71‘h]]:| e |:_ 4tanh[a |n[14—q1q2]]

11,0 = 2610 -
aqgi1q2

] +e1In[l — gi1g0]
aqiq2

and a(in[l — q1q2] — 2In[1 — q2])
20q2
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The world-line approach

The semiclassical limit ¢ — co. The worldline action (m ~ €)

1"

>\ .
S= e/, dX \/gtti'z + 8069 + 8ooh? ds® =
A

1
(f dt? 4 sin? pdd? + —dpQ)
cos?p a?

It is convenient to impose the normalization condition

A
% = /g (x)5xHx” =1 5:6/ dr=e(\" =)',
A/

Coordinates t and ¢ are cyclic — a constant time disk (p,¢).
Changing variables as 1 = cot? p and introducing notation

s= ‘%‘f‘ we find the on-shell action

o NGl n’

w 0
S=¢eln —————
VI+tn++/1-s2n

’
n

Parameter s is an integration constant that defines a particular
form of the geodesic segment.

@ The radial line has s = 0. For p; = arccossin(aw/2): Ljg = —Intan ¥
@ The arc has s = cot % The length Lae = In [sin %] +1In2A
@ The 4-pt block: f ~ €5L.aq + 2€1Larc
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Five-line configuration

The corresponding particle action reads

S=eli+ela+els+ejly +esls

Vertex equilibrium equations

@ 1st vertex (&1p), + e1p), + €2p7) ‘ =0

X=Xx1

@ 2nd vertex (Elﬁ/ﬂ + Egﬁﬁ + €3p2) ‘ =0
X=Xp
.

ws
- wy Angular equations

Wy

Ap1+Ddy = wo—wy, Ad1+Ads+Ad = w3 —wi |
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The complete equation system

Using pp = gppp, Py = g¢¢¢'> along with the normalization condition, and recalling that
the angular momenta are motion constants we find

V1—5s2cot2p” —is\/1+ cot?p”
V1 —5s2cot?p —isy/1+ cot?p

p=cospy/1l—s2cot?p, iaA¢ = In

Equations to be solved:

Vertex eqs

63\/1 —5327]2 -‘rgl\/l —§12772 =é, 61\/1 — 5127]1 +62\/1 — 5227]1 = €1\/1 —§12771
Angular egs

e _ WIS~ i VT (1= - VT

(1 —is1)(1 —is2)

iaws _ (\/ 1— i — i53vl+”2)(\/1 — 8mp — i51vT+m2) (1/1 — s?m — isiv/T+m)

(1 —is3) (/1 = 5fm — idv/TFm) (1 — ist)

e

e

@ 5-pt case: a complicated higher order algebraic equation
@ 4-pt case: an exact solution (Hijano, Kraus, Snively, 2015)
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The 5-pt case as a deformation of the 4-pt case

wWo

The lines of the resulting five-line configuration are characterized by the deformed angular
momenta o
SI:b[+C3C1+O((32), 1=1,2,3,1,2,

where b; are the angular momenta of the seed three-line configuration and ¢, are
corrections. Note that 5, = b§ = 0 remain intact, and the seed line 1 is radial so that
b; = 0. By convention, b3 is the seed momentum assigned to line 3. The total action
reads

S(wz, ws) = So(wa) + €351 (w2, ws) + O(es?)

where Sp = Sp(wo) is the action of the three-line configuration, while Si(w2, w3) is a
correction.

Konstantin Alkalaev Classical conformal blocks via AdS/CFT correspondence



The total length

We set €1 = €5, €1 = 2. Denote

v=e/ér, x==d&/e, 0; =
The first order solution to the 5-pt configuration reads

» 124
— == cot(203 — 65) + O(?) ,
e, | 2 COH(20s = 02)+007)

cos(20 — 403) — 2 cos(20 — 203) — 2 cos 203 + 3
v
4sin3(6; — 263)

s; = —cotbr +

s3 = —cot(203 — 02) + +0(?),

and
S) = 8§ — xS, 51 =vs3, $=0.

The final action

0
S(w2, w3) = —2¢1 Insin 6> + € Intan ?2 — e3Insin(203 — 62) + O(e%)

According to the general prescription the action is related to the conformal block as

f5(q1, q2) ~ —5(61,62)

The identification is achieved by the following conformal transformations to the plane

i i
0 = ?m(l*qmz) , 03 = ?|n(1*Q2)
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Conclusions & outlooks

@ We have proposed the general identification between the pant decomposition with
n legs on the boundary and the corresponding multi-line graph in the bulk.

@ We have written down the general system of equations describing the dynamics of
probes in the bulk background.

@ We have performed explicit computations in the n = 5 case establishing the
correspondence in the first order in the conformal dimension of one of fields while
keeping other dimensions arbitrary.

To be done:

@ The n-point configurations explicitly. On the boundary side we can use the
monodromic approach.

@ The heavy-light classical blocks with arbitrary number of heavy operators.

@ The AdS/CFT semiclassical calculations from the first principles.
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